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Scalable Graph Neural Networks

7.1 Introduction

Graph Neural Networks suffer from severe scalability issue, which prevents
them from being adopted to large-scale graphs. Take the GCN-Filter based
model for the node classification task as an example, where we adopt gradient-
based methods to minimize the following loss function (the same as Eq. (5.49)):

Ltrain =
∑

vi∈Vl

`( fGCN(A,F;Θ)i, yi), (7.1)

where `() is a loss function and fGCN(A,F;Θ) consists of L GCN-Filter layers
as described in Eq. (5.21) as:

F(l) = ÂF(l−1)Θ(l−1), l = 1, . . . , L. (7.2)

where Â is utilized to denote D̃− 1
2 ÃD̃− 1

2 and F(0) = F. For the convenience of
analysis, the node representations in all layers are assumed to have the same
dimension d. Note that, in this formulation, we ignore the activation layer that
can be added between the graph filtering layers. The parameters Θ in Eq.(7.1)
include Θ(l), l = 1, . . . , L and the parameters Θ2 to perform the prediction as
Eq. (5.47). One step of the gradient descent algorithm to minimize the loss can
be described as:

Θ← Θ − η · ∇ΘLtrain,

where η is the learning rate and the gradient∇ΘLtrain needs to be evaluated over
the entire training setVl. Furthermore, due to the design of the GCN-Filter lay-
ers as shown in Eq. (7.2), when evaluating Ltrain in the forward pass, all nodes
in V are involved in the calculation as all node representations are computed
in each layer. Hence, in the forward pass of each training epoch, the represen-
tations for all nodes and the parameters in each graph filtering layer need to be
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stored in the memory, which becomes prohibitively large when the scale of the
graph grows. Specifically, we can calculate the required memory explicitly as
follows. During the forward pass, the normalized adjacency matrix Â, the node
representations in all layers F(l) and the parameters in all layers Θ(l) need to be
stored in the memory, which requires O(|E|), O(L · |V| ·d) and O(L ·d2), respec-
tively. Thus, in total, the required memory is O(|E|+L · |V|·d+L ·d2). When the
size of the graph is large, i.e., |V| and/or |E| are large, it becomes impossible to
fit them into the memory. Furthermore, the calculation in the form of Eq. (7.2)
is not efficient as the final representations (or the representations after the L-th
layer) for the unlabeled nodes inVu are also calculated, although they are not
required for evaluating Eq. (7.1). In detail, O(L·(|E|·d+|V|·d2)) = O(L·|V|·d2)
operations are required to perform the full epoch of the forward process. As in
traditional deep learning scenario, a natural idea to reduce the memory require-
ment during training is to adopt Stochastic Gradient Descent (SGD). Instead of
using all the training samples, it utilizes a single training sample (or a subset of
training samples) to estimate the gradient. However, adopting SGD in graph-
structured data is not as convenient as that in the traditional scenario since the
training samples in Eq. (7.1) are connected to other labeled/unlabeled samples
in the graph. To calculate the loss `( fGCN(A,F;Θ)i, yi) for node vi, the node
representations of many other nodes (or even the entire graph as indicated by
the adjacency matrix Â) are also involved due to the graph filtering operations
as described in Eq. (7.2). To perceive the calculation more clearly, we analyze
Eq. (7.2) from a local view for a node vi as:

F(l)
i =

∑
v j∈Ñ(vi)

Âi, jF(l−1)
j Θ(l−1), l = 1, . . . , L, (7.3)

which takes the form of aggregating information from neighboring nodes. Note
that we use F(l)

i to denote the node representation for node vi after l-th graph fil-
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tering layer; Âi, j to indicate the i, j-th element of Â; and Ñ(vi) = N(vi)∪{vi} to
denote the set of neighbors of node vi including itself. Hence, clearly, as shown
in Figure 7.1, from a top-down perspective, i.e., from the L-th layer to the input
layer, to calculate the representation of node vi in the L-th graph filtering layer
(the output layer), only the representations of its neighbors (including itself) in
the (L−1)-th layer are required. To calculate the (L−1)-th layer representation
for a node v j ∈ Ñ(vi), all the (L−2)-th layer representations of its neighbors are
required. The neighbors of all nodes in Ñ(vi) are the “neighbors of neighbors”
of node vi, i.e., the 2-hop neighbors of node vi. In general, computing the loss
term for node vi needs the representation of node vi after the L-th layer and its
l-hop neighbors are required by the (L − l + 1)-th graph filtering layer. Specif-
ically, its L-hop neighbors are required by the input layer (i.e. the first layer).
Hence, for the entire process of calculation, all nodes with the L-hop of node
vi are involved. Based on this analysis, we rewrite the loss for the node vi as:

`( fGCN(A,F;Θ)i, yi) = `( fGCN(A{NL(vi)},F{NL(vi)};Θ), yi), (7.4)

where NL(vi) is the set of nodes within L-hop away of node vi, i.e., all nodes
shown in Figure 7.1, A{NL(vi)} denotes the induced structure on NL(vi) (i.e.,
the rows and columns in the adjacent matrix corresponding to nodes inNL(vi)
are retrieved) and F{NL(vi)} indicates the input features for nodes in NL(vi).
Typically, the mini-batch SGD algorithm, where a min-batch of training in-
stances are sampled from Vl to estimate the gradient, is used for parameter
updates. The batch-wise loss function can be expressed as:

LB =
∑
vi∈B

`( fGCN(A{NL(vi)},F{NL(vi)};Θ), yi), (7.5)

where B ⊂ Vl is the sampled mini-batch. However, even if SGD is adopted
for optimization, the memory requirement can be still high. The major issue
is that, as shown in Figure 7.1, the node set NL(vi) expands exponentially as
the number of the graph filtering layers L increases. Specifically, the number
of nodes in NL(vi) is in the order of degL, where deg denotes the average de-
gree of the nodes in the graph. Furthermore, in practice, we need to prepare
the memory that is sufficient for the “worst” batch which requires the “most”
memory instead of the average one. This could lead to quite a lot of memory
when there is a node with a large degree in the batch, as many other nodes
are involved due to the inclusion of this large degree node. Thus, to perform
SGD optimization, O(degL ·d) memory is required to store the node representa-
tions. This issue of exponentially growing neighborhood is usually referred as
“neighborhood expansion” or “neighborhood explosion” (Chen et al., 2018a,b;
Huang et al., 2018). When L is larger than the diameter of the graph, we have
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NL(vi) = V. It means that the entire node set is required for calculation, which
demonstrates an extreme case of neighborhood explosion. Furthermore, the
“neighborhood explosion” issue also impacts the time efficiency of the SGD
algorithm. Specifically, the time complexity to calculate the final representa-
tion F(L)

i for the node vi is O(degL · (deg · d + d2)), which is O(degL · d2) as
deg is usually much smaller than d. Then, the time complexity to run an epoch
over the entire training setVl is O(|Vl| · degL · d2) when we assume that each
batch only contains a single training sample. When the batch size |B| > 1, the
time complexity for an epoch can be lower, as in each batch B, some of the
involved nodes may exist in NL(vi) for several samples vi in the batch B and
their representations can be shared during the calculation. Compared to the
full gradient algorithm, which takes O(L · |V| · d2) to run a full epoch, the time
complexity for SGD can be even higher when L is large although no extra final
representations for unlabeled nodes are calculated.

Although we introduce the “neighborhood explosion” issue for the GNN
models with GCN-Filters, this issue exists in GNN models with other graph
filters as long as they follow a neighborhood aggregation process as Eq. (7.3).
In this chapter, without loss of generality, the discussion and analysis are based
on the GCN-Filters. To solve the “neighborhood explosion” issue and corre-
spondingly improve the scalability of graph neural network models, various
neighborhood sampling methods have been proposed. The main idea of sam-
pling methods is to reduce the number of nodes involved in the calculation
of Eq. (7.5) and hence lower the required time and memory to perform the
calculation. There are mainly three types of sampling methods:

• Node-wise sampling methods. To calculate the representation for a node vi

with Eq. (7.3), in each layer, a set of nodes is sampled from its neighbors.
Then, instead of aggregating information from its entire neighborhood, the
node representation will only be calculated based on these sampled nodes.

• Layer-wise sampling methods. A set of nodes is sampled for the node rep-
resentation calculation of the entire layer. In other words, to calculate F(l)

i
and F(l)

j for nodes vi and v j, the same set of sampled nodes are utilized to
perform the calculation.

• Subgraph-wise sampling methods. A subgraph is sampled from the orig-
inal graph. Then, the node representation learning is based on the sampled
subgraph.

In this chapter, we detail and analyze representative algorithms from each
group of sampling methods.
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7.2 Node-wise Sampling Methods

The node-wise aggregation process in Eq.(7.3) can be rewritten as:

F(l)
i = |Ñ(vi)|

∑
v j∈Ñ(vi)

1
|Ñ(vi)|

Âi, jF(l−1)
j Θ(l−1), (7.6)

which can be regarded as the following expectation form:

F(l)
i = |Ñ(vi)| · E[Fvi ] (7.7)

where Fvi is a discrete random variable as defined below:

p
(
Fvi = Âi, jF(l−1)

j Θ(l−1)
)

=

 1
Ñ(vi)

, if v j ∈ Ñ(vi),

0, otherwise.

A natural idea to speed up the computation while reducing the memory
need for Eq. (7.7) is to approximate the expectation by Monte-Carlo sampling.
Specifically, the expectation E[Fvi ] can be estimated as:

E[Fvi ] ≈ F̂vi =
1

|nl(vi)|

∑
v j∈nl(vi)

Âi, jF(l−1)
j Θ(l−1), (7.8)

where nl(vi) ⊂ Ñ(vi) is a set of nodes sampled fromV for the l-th layer calcu-
lation for node vi according to the following probability distribution:

p
(
v j|vi

)
=

 1
Ñ(vi)

, if v j ∈ Ñ(vi),

0, otherwise.
(7.9)

The estimator in Eq. (7.8) is unbiased as shown below:

E[F̂vi ] = E

 1
|nl(vi)|

∑
v j∈nl(vi)

Âi, jF(l−1)
j Θ(l−1)

1{v j ∈ nl(vi)}


= E

 1
|nl(vi)|

∑
v j∈V

Âi, jF(l−1)
j Θ(l−1)

1{v j ∈ nl(vi)}


=

1
|nl(vi)|

∑
v j∈V

Âi, jF(l−1)
j Θ(l−1)E

[
1{v j ∈ nl(vi)}

]
=

1
|nl(vi)|

∑
v j∈V

Âi, jF(l−1)
j Θ(l−1) |n

l(vi)|
˜|N(vi)|

=
1

˜|N(vi)|

∑
v j∈V

Âi, jF(l−1)
j Θ(l−1)

= E[Fvi ].
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where 1{v j ∈ nl(vi)} is an indicator random variable, which takes value 1 if
v j ∈ nl(vi) and 0 otherwise.

With Eq. (7.8), the node-wise aggregation process can be expressed as:

F(l)
i =

|Ñ(vi)|
|nl(vi)|

∑
v j∈nl(vi)

Âi, jF(l−1)
j Θ(l−1). (7.10)

The sampling process utilized in Eq. (7.10) is called node-wise sampling, as
the node set nl(vi) is sampled only for the node vi and not shared with other
nodes. Specifically, the GraphSAGE-Filter (see Section 5.3.2 for details on
GraphSAGE-Filter) can be viewed as a node-wise sampling method due to the
neighbor sampling process. Typically, for a specific graph filtering layer, the
sampling size |nl(vi)| is set to a fixed value |nl(vi)| = m for all nodes. While dif-
ferent graph filtering layers can have different sampling sizes, for convenience,
we assume that they all have the same sampling size m in this chapter.

Although the node-wise sampling methods can help control the size of the
number of involved nodes in each layer to a fixed size m, it still suffers from the
“neighborhood explosion” issue when m is large. In detail, following the same
top-down perspective in Figure 7.1, the number of nodes involved to calculate
the final representation F(L)

i for node vi is in the order of mL, which increases
exponentially as the number of layers L grows. The space and time complexity
are O(mL ·d2) and O(|Vl| ·mL ·d2), respectively. One way to alleviate this issue
is to control the sampling size m to be a small number. However, a small m
leads to a large variance in the estimation in Eq. (7.8), which is not desired.

A sampling method, which utilizes an extremely small sampling size m (as
small as 2) while maintaining a reasonable variance is proposed in (Chen et al.,
2018a). The idea is to keep a historical representation F̄(l−1)

i for each F(l−1)
i for

l = 2, . . . , L, and then utilize these historical representations during the calcu-
lation in Eq.(7.3). Each time when F(l)

i is calculated, we update its correspond-
ing historical representation F̄(l)

i with F(l)
i . The historical representations are

expected to be similar to the real representations if the model parameters do
not change too fast during the training process. We still use Monte-Carlo sam-
pling to estimate Eq. (7.3). However, for those nodes that are not sampled to
nl(vi), we include their historical representations in the calculation. Formally,
Eq. (7.3) can be decomposed into two terms as:

F(l)
i =

∑
v j∈Ñ(vi)

Âi, j∆F(l−1)
j Θ(l−1) +

∑
v j∈Ñ(vi)

Âi, jF̄(l−1)
j Θ(l−1) (7.11)

where

∆F(l−1)
j = F(l−1)

j − F̄(l−1)
j .
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The term ∆F(l−1)
j denotes the difference between the real up-to-date representa-

tion and the historical representation. Instead of using Monte-Carlo sampling
to estimate the entire term in Eq. (7.3), only the difference is estimated as:∑

v j∈Ñ(vi)

Âi, j∆F(l−1)
j Θ(l−1) ≈

|Ñ(vi)|
|nl(vi)|

∑
v j∈nl(vi)

Âi, j∆F(l−1)
j Θ(l−1). (7.12)

With Eq. (7.12), the aggregation process in Eq. (7.11) can be estimated as:

F(l)
i ≈

|Ñ(vi)|
|nl(vi)|

∑
v j∈nl(vi)

Âi, j∆F(l−1)
j Θ(l−1) +

∑
v j∈Ñ(vi)

Âi, jF̄(l−1)
j Θ(l−1), (7.13)

which is named as the control-variate (CV) estimator and utilized to update
the node representations. Note that, the second term in the right hand side of
Eq. (7.13) is calculated from stored historical node representations, which does
not require the recursive calculation process and thus is computationally effi-
cient. The CV-estimator is unbiased as the estimation in Eq. (7.12) is unbiased.
The variance of Eq.(7.13) is smaller than that of Eq. (7.10) as ∆F(l−1)

i is much
smaller than F(l−1)

i . However, the reduced variance does not come for free.
While the time complexity of this process remains O(mL · d2) (m can be much
smaller in the CV estimator) as the aggregation process described in Eq. (7.10),
much more memory are required. In fact, to store the historical representations
for all nodes involved in the process, O(degL · d) memory is required. It is the
same as the SGD process without the node-wise sampling. Note that the space
complexity is not dependent on the sampling size m; hence, a smaller m cannot
ensure the lower space complexity.

7.3 Layer-wise Sampling Methods

In the node-wise sampling methods, to calculate the final representation F(L)
i

for node vi, the node set nL(vi) is sampled from Ñ(vi) and F(L−1)
j for v j ∈

nL(vi) is utilized during the calculation. Furthermore, to calculate F(L−1)
j for

each v j ∈ nL(vi), a node set n(L−1)(v j) needs to be sampled. Specifically, let N l

denote all the nodes sampled for the calculation of the l-th layer, then N l can
be recursively defined from top to down as:

N l−1 = ∪v j∈N l nl(v j), with NL = nL(vi). l = L, . . . , 2, 1. (7.14)

When the mini-batch SGD is adopted and the final representations of a batch
B of nodes need to be calculated, NL can be defined as NL = ∪vi∈BnL(vi).
This recursive process in Eq. (7.14) makes N l grows exponentially; thus, the
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node-wise sampling methods still suffer from the “neighborhood explosion”
issue. One way to solve the issue is to utilize the same set of sampled nodes to
calculate all node representations in a specific layer. In other words, we allow
nl−1(v j) = nl−1(vk) for ∀v j, vk ∈ N l; thus the size of N(l−1) remains constant
as L increases. Then, we only need to sample once for each layer and this
strategy is called as layer-wise sampling. However, it is impractical to make
nl−1(v j) = nl−1(vk) as they are sampled according to different node-specific dis-
tributions as described in Eq. (7.9). In detail, the set nl−1(v j) is sampled from
the neighborhood of the node v j; while nl−1(vk) is sampled from the neighbor-
hood of the node vk.

Importance sampling is adopted by (Chen et al., 2018b; Huang et al., 2018)
to design the layer-wise sampling methods. For the l-th layer, instead of using
the node-specific distributions to sample the nodes, a shared distribution, which
is defined over the entire node set V, is utilized to sample a shared set of
nodes. Then all the output node representations for this layer are calculated
only based on these shared sampled nodes. Next, we introduce the details of
two representative layer-wise sampling methods (Chen et al., 2018b; Huang
et al., 2018). Since these two methods follow the similar design, we focus on
the method in (Huang et al., 2018) and then briefly describe the one in (Chen
et al., 2018b).

To be consistent with the original paper (Huang et al., 2018), we first re-
formulate the process from Eq. (7.6) to Eq.(7.9) as follows. The node-wise
aggregation process in Eq.(7.3) can be rewritten as:

F(l)
i = D(vi)

∑
v j∈Ñ(vi)

Âi, j

D(vi)
F(l−1)

j Θ(l−1), (7.15)

where D(vi) =
∑

v j∈Ñ(vi)
Âi, j. Eq. (7.15) can be regarded as the following expec-

tation form:

F(l)
i = D(vi) · E[Fvi ] (7.16)

where Fvi is a discrete random variable as defined below:

p
(
Fvi = F(l−1)

j Θ(l−1)
)

=

 Âi, j

D(vi)
, if v j ∈ Ñ(vi),

0, otherwise.

Assume that ql(v j) is a known distribution defined on the entire node set V
and ql(v j) > 0,∀v j ∈ V. Instead of using Monte-Carlo sampling to estimate
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E[Fvi ], we use importance sampling based on ql(v j) as:

E[Fvi ] ≈ F̂vi =
1
|N l|

∑
v j∈N l

p(v j|vi)
ql(v j)

F(l−1)
j Θ(l−1), v j ∼ ql(v j) ∀v j ∈ N l, (7.17)

where N l denotes a set of nodes sampled according to the distribution ql(v j)

and p(v j|vi) =
Âi, j

D(vi)
if v j ∈ Ñ(vi), otherwise p(v j|vi) = 0. The superscript l in

ql(v j) indicates that the distribution is utilized in the l-th layer to sample the
node set N l and different layers may use different sampling distributions. The
set of nodes N l is shared by all nodes (e.g., vi) which need to calculate the rep-
resentations (e.g., F(l)

i ) in the l-th layer. With the importance sampling estima-
tion for E[Fvi ] in Eq. (7.17), the node-wise aggregation process (as described
in Eq. (7.16)) with the layer-wise sampling strategy can then be described as:

F(l)
i = D(vi) ·

1
|N l|

∑
v j∈N l

p(v j|vi)
q(v j)

F(l−1)
j Θ(l−1)

=
1
|N l|

∑
v j∈N l

Âi, j

ql(v j)
F(l−1)

j Θ(l−1) (7.18)

where nodes in N l are sampled from ql(v j). Note that the distribution ql(v j)
is not dependent on the center node vi and it is shared by all nodes. Before
describing how to design the sampling distribution ql(v j) appropriately, we
first introduce the process to sample nodes and build the computational graph
to calculate the final representations for all nodes in a sampled batch B. As
shown in Figure 7.2, from a top-down perspective, to calculate F(L)

i for all
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nodes vi ∈ B, a set of nodes NL are sampled according to qL(v j). The repre-
sentations F(L−1)

j of all v j ∈ NL are used to calculate F(L)
i for all nodes vi ∈ B

according to Eq. (7.18). To calculate F(L−1)
j of v j ∈ NL, we need to sample NL−1

and aggregate information from them. This process goes to the bottom layer
where N1 is sampled and the input features F(0)

j for v j ∈ N1 are utilized for the

calculation. The memory required to compute the final representation F(L)
i for

each node vi ∈ B according to Eq. (7.18), assuming |N l| = m for all layers, is
O(L ·m · d). It is much smaller than that required by node-wise sampling based
methods. Correspondingly, the time efficiency for each epoch is improved as
fewer node representations are required to be computed during this process.

The importance sampling based estimator (IS-estimator) in Eq. (7.17) is
unbiased and we want to find a distribution q(v j) such that the variance of
Eq. (7.17) can be minimized. According to the derivations of importance sam-
pling in (Owen, 2013), we conclude that:

Proposition 7.1 (Huang et al., 2018) The variance of the estimator F̂vi in
Eq. (7.17) is given by:

Varq(F̂vi ) =
1
|N l|

 (p(v j|vi) · |F(l−1)
j Θ(l−1)| − E[Fvi ] · q(u j))2

(q(v j))2

 .
The optimal sampling distribution q(v j), which minimizes the above variance
is given by:

q(v j) =
p(v j|vi) · |F(l−1)

j Θ(l−1)|∑
vk∈V

p(vk |vi) · |F(l−1)
k Θ(l−1)|

. (7.19)

However, the optimal sampling distribution in Eq. (7.19) is not feasible as it
is dependent on all node representations in the (l− 1)-th layer F(l−1) but we are
trying to use the sampling distribution to decide which of them to be calculated.
Note that in (Chen et al., 2018b), the variance to be minimized is based on all
the nodes in the same layer instead of a single node vi as Proposition 7.1 and
the optimal distribution takes a slightly different form but it is still dependent
on F(l−1).

Hence, two different approaches are proposed in (Chen et al., 2018b) and (Huang
et al., 2018), respectively. In (Chen et al., 2018b), the dependence on F(l−1) is
directly discarded and a sampling distribution designed according to the opti-
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mal probability distribution is adopted as q(v j):

q(v j) =
‖Â:, j‖

2∑
vk∈V

‖Â:,k‖
2
. (7.20)

Note that the same q(v j) as described in Eq. (7.20) is used for all the lay-
ers. Hence, the superscript l is removed from ql(v j). In (Huang et al., 2018),
F(l−1)

j Θ(l−1) is replaced by F(0)
j Θin, where F(0)

j denotes the input features of node
v j and Θin is a linear projection to be learned. Furthermore, the sampling dis-
tribution in Eq. (7.19) is optimal for a specific node vi, but not ready for layer-
wise sampling. To make the distribution applicable to layer-wise sampling, the
following distribution, which summarizes computations over all nodes in N l+1,
is proposed in (Huang et al., 2018):

ql(v j) =

∑
vi∈N l+1

p(v j|vi) · |F(0)
j Θin|∑

vk∈V

∑
vi∈N l+1

p(vk |vi) · |F(0)
k Θin|

. (7.21)

Note that N l+1 denotes the nodes involved in the (l+1)−th layer, which is on the
top of the l-th layer. Hence, the distribution ql(v j) is dependent on the nodes
in its top-layer. Furthermore the distribution is changing in an adaptive way
during the training since the parametersΘin are kept updated. With these mod-
ifications to the optimal distribution in Eq. (7.19), the distribution in Eq. (7.21)
is not guaranteed to lead to minimal variance. Therefore, the variance terms
are directly included into the loss function to be explicitly minimized during
the training process (Huang et al., 2018).

7.4 Subgraph-wise Sampling Methods

The layer-wise sampling based methods largely reduce the number of nodes in-
volved in calculating final node representations and resolve the neighborhood
explosion issue. However, the nature of layer-wise sampling methods is likely
to cause another issue in the aggregation process from layer to layer. Specifi-
cally, it can be observed from Eq. (7.18) that the aggregation process to gen-
erate F(l)

i is dependent on the term Âi, j in each sampled node to be aggregated.
This observation indicates that not all nodes in N l are used to generate F(l)

i , but
only those that have connections to node vi are utilized. Then, if the connec-
tions between node vi and the sampled nodes in N l are too sparse, the represen-
tation F(l)

i of node vi may not be learned well. In an extreme case where there
are no nodes in N l connected to the node vi, the representation of node vi in
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this layer is rendered to 0 according to Eq. (7.18). Hence, to improve the stabil-
ity of the training process, we need to sample N l with a reasonable number of
connections to node vi. In other words, we need to ensure that the connectivity
between the sampled nodes in N l and N l−1 is dense so that all nodes are likely
to have some nodes to aggregate information from. Note that the layer-wise
sampling methods described in Section 7.3 do not consider this when design-
ing the layer-wise sampling distribution. To improve the connections between
sampled nodes in consecutive layers, the sampling distributions for consecu-
tive layers must be designed in a dependent way, which introduces significant
difficulty. One way to ease the design is to use the same set of sampled nodes
for all the layers, i.e., N l = N l−1 for l = L . . . , 2. Only one sample distribution
needs to be designed so that more connections between the sampled nodes are
encouraged. Furthermore, suppose the same set of nodes, denoted as Vs, is
adopted for all layers. In that case, the layer-wise aggregation in Eq. (7.18) is
running the full neighborhood aggregations on the graph Gs = {Vs,Es} that
is induced on the sampled node sets Vs. The induced graph Gs is a subgraph
of the original graph G as Vs ⊂ V and Es ⊂ E. Instead of sampling Vs,
for each batch, we can directly sample a subgraph Gs from G and perform
model training on the subgraph. The strategy to sample subgraphs for node
representation and model training is called subgraph-wise sampling. There ex-
ist various subgraph-wise sampling based methods (Chiang et al., 2019; Zeng
et al., 2019) with different focuses on the sampled graph Gs.

In (Chiang et al., 2019), graph clustering methods such as METIS (Karypis
and Kumar, 1998) and Graclus (Dhillon et al., 2007) are adopted to partition
the graph G into a set of subgraphs (clusters) {Gs} such that the number of links
within each cluster is much more than that between clusters. To perform SGD,
a subgraph is sampled from {Gs} each time and the gradient is estimated based
on the following loss function:

LGs =
∑

vi∈Vl∩Vs

`( fGNN(As,Fs;Θ)i, yi), (7.22)

where As, Fs denote the adjacency matrix and features for the sampled sub-
graph Gs, respectively. The set Vl ∩ Vs consists of labeled nodes that are in
Vs. The memory required to perform one step of SGD based on the sampled
subgraph Gs is O(|Es| + L · |Vs| · d + L · d2).

In (Zeng et al., 2019), various node samplers are designed to sample a set
of nodes Vs where the subgraph Gs is induced from. Specifically, an edge-
based node sampler is designed to pair-wisely sample nodes that have high
influence on each other and random-walk based sampler is designed to improve
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the connectivity between the sampled nodes. We briefly describe these two
samplers.

• Edge-based Sampler: Given a budget m, m edges are randomly sampled
according to the following distribution:

p((u, v)) =

(
1

d(u)+d(v)

)
∑

(u′,v′)∈E

(
1

d(u′)+d(v′)

) , (7.23)

where d(v) denotes the degree of node v. The end nodes of the m sampled
edges consist of the sampled nodesVs, which is used to induce the subgraph
Gs.

• RW-based Sampler: A set of r root nodes is uniformly sampled (with re-
placement) from the V. Then starting from each sampled node, a random
walk is generated. The nodes in the random walk consist of the final sampled
node setVs, which is used to induce the subgraph Gs.

Some normalization tricks are introduced in the aggregation process to make
it less biased as:

F(l)
i =

∑
v j∈Vs

Âi, j

αi, j
F(l−1)

j Θ(l−1), (7.24)

where αi, j can be estimated from the sampled subgraphs. In detail, a set of M
subgraphs is sampled from the samplers and Ci and Ci, j count the frequency of
the node vi and edge (vi, v j) appearing in the sampled M graphs, respectively.
Then, αi, j is estimated by Ci, j/Ci. Furthermore, the loss function for a mini-
batch based on the sampled subgraph Gs is also normalized as:

LGs =
∑

vi∈Vl∩Vs

1
λi
`( fGNN(As,Fs;Θ)i, yi), (7.25)

where λi can be estimated as Ci/M. This normalization also makes the loss
function less biased.

7.5 Conclusion

In this chapter, we discuss various sampling-based methods to improve the
scalability of graph neural network models. We first introduce the “neighbor-
hood explosion” issue, which makes stochastic gradient descent (SGD) meth-
ods impractical in training graph neural network models. Then, we present



174 Scalable Graph Neural Networks

three types of sampling methods, including node-wise, layer-wise, and subgraph-
wise sampling. They aim to reduce the number of involved nodes during the
forward pass of mini-batch SGD and improve scalability. For each group, we
discuss their advantages and disadvantages and introduce representative algo-
rithms.

7.6 Further Reading

In this chapter, we mainly discuss sampling-based methods to improve the
scalability of the graph neural networks. Some of the introduced sampling
techniques have been successfully applied to real-world applications. For ex-
ample, the node-wise sampling based method GraphSage is adapted and ap-
plied to large scale graph based recommendation (Ying et al., 2018a); and the
layer-wise sampling based method FastGCN is adopted to anti-money launder-
ing in large scale bitcoin transaction network (Weber et al., 2019). Other efforts
have been made to develop distributed frameworks for GNNs (Ma et al., 2018a;
Wang et al., 2019e; Zhu et al., 2019c; Ma et al., 2019a). These distributed ar-
chitectures for graph neural networks can handle large graphs with distributed
data storage and parallel computation.


