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First Order Predicate Logic

Note: The worksheet will use the more standard predicate logic symbols: ∀ for “for all”, ∃ for “there ex-
ists”, ¬ for negation, ∧ for conjunction, ∨ for disjunction,⇒ for implication,⇔ for double-implication.
more traditional.

1. Slide 4: When the universe of quantification is finite, formulas that involve quantifiers can be
rewritten using conjunction and disjunction. Assume the universe of quantification is {0, 1} and
rewrite following wff to not use quantifiers.

∀x(is prime(x)) is prime(0) ∧ is prime(1)

∃y(is prime(y)) is prime(0) ∨ is prime(1)

∀x∃y((x = y)) (((0 = 0) ∨ (0 = 1)) ∧ ((1 = 0) ∨ (1 = 1))

∃y∀x(x = y) ((((0 = 0) ∧ (0 = 1)) ∨ ((1 = 0) ∧ (1 = 1))

2. Slide 4: What determines the truth values of the formulas in question 1?
The interpretations of the function symbols (is prime and =) and the universe of quantification.

3. Slides 6–8: Slide 6 says “In the sentences ∀xP and ∃xP we assume wlog that no nested quantifiers
in P use x.” (Here, “wlog” is short for “without loss of generality”.) You will illustrate why we
can assume this using the wff below.

In its current form, this wff does not satisfy this assumption:

∀x∀y(∃zP (x, z)⇒ ∃xQ(x, y))

First, draw an arrow from each use of a variable as a term to the quantifier that binds it.

Now change the name of one of the variables so as to produce a logically equivalent wff that
satisfies the assumption.

∀x∀y(∃zP (x, z)⇒ ∃wQ(w, y))

4. Slides 10 & 11: Express the following using predicates, quantifiers, and logical connectives. (Ei-
ther use mnemonic names for predicates, or indicate what your predicates stand for.) Assume
the universe is all things for the first one and all numbers for the second.

Every user has access to an electronic mailbox.
∀x(user(x)⇒ ∃y(electronic mailbox (y) ∧ has access(x, y)))

There is no largest integer.
∀x(is int(x)⇒ ∃y(is int(y) ∧ y > x))
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5. Slide 11: Express that the number n is prime using quantifiers, logical connectives, equality, and
multiplication. Assume the universe is all integers.
n > 1 ∧ ∀m∀k((n = m ∗ k ∧m ≥ 0 ∧ n ≥ 0)⇒ (m = 1 ∨ k = 1))

6. Express the hypotheses and the conclusion of the following argument in FOL. (Either use
mnemonic names for predicates, or indicate what your predicates stand for.) Assume that the
universe is all living things.

All hummingbirds are richly colored. No large birds live on honey. Birds that do not
live on honey are dull in color. Therefore, hummingbirds are not large.

Hypotheses:

(H1) ∀x(hmg bird(x)⇒ rich color(x))

(H2) ¬∃y(bird(y) ∧ honey eater(y) ∧ large(y))

(H3) ∀z((bird(z) ∧ ¬honey eater(z))⇒ dull(z))

Conclusion: ∀w(hmg bird(w)⇒ ¬large(w))

Most arguments make use of domain knowledge, which might not be explicitly stated as hy-
potheses. Such knowledge is formalized as axioms. For example, the above argument relies on
knowing that all hummingbirds are birds. Express in FOL the axioms you will need for a proof
of this argument.

Axioms:

(A1) ∀x(hmg bird(x)⇒ bird(x))

(A2) ∀x(rich color(x)⇒ ¬dull(x))

Give a proof of the argument in FOL, indicating the hypotheses, axioms, rules of inference, logical
equivalences, and prior conclusions that justify each step. (Feel free to combine many steps; but
indicate everything you used for justification.)
For arbitrary K:

(a) (bird(K) ∧ honey eater(K))⇒ ¬large(K) follows from H2, DeMorgan, Implication, and UI.

(b) hmg bird(K)⇒ bird(K) follows from A1 and UI.

(c) hmg bird(K)⇒ rich color(K) follows from H1 and UI.

(d) hmg bird(K)⇒ ¬dull(K) follows from A2, UI, (6c) and hyp. syll.

(e) ¬dull(K) ⇒ (¬bird(K) ∨ honey eater(K)) follows from H3, UI, contraposition, DeMorgan, and
double neg.

(f) hmg bird(K)⇒ (¬bird(K) ∨ honey eater(K)) follows from (6d), (6e), and hyp. syll.

(g) (hmg bird(K)∧ bird(K))⇒ honey eater(K) follows from (6f), (P ⇒ (Q∨R) ≡ (P ∧¬Q)⇒ R, and
double neg.

(h) hmg bird(K)⇒ (hmg bird(K) ∧ bird(K)) follows from (6b) and P ⇒ Q ≡ P ⇒ (P ∧Q)

(i) hmg bird(K)⇒ honey eater(K) follows from (6g), (6h), and hyp. syll.

(j) hmg bird(K) ⇒ (bird(K) ∧ honey eater(K)) follows from (6b), (6i), and (P ⇒ Q) ∧ (P ⇒ R) ≡
P ⇒ (Q ∧R)

(k) hmg bird(K)⇒ ¬large(K) follows from (6a), (6j), and hyp. syll.

(l) ∀x(hmg bird(x)⇒ ¬large(x) follows from (6k) and UG.
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A proof using assumption.

Hypotheses:
(H1) ∀x(hmg bird(x)⇒ rich color(x))
(H2) ¬∃y(bird(y) ∧ honey eater(y) ∧ large(y)), i.e., ∀y(bird(y) ∧ honey eater(y)⇒ ¬large(y))
(H3) ∀z((bird(z) ∧ ¬honey eater(z))⇒ dull(z))

Axioms:
(A1) ∀x(hmg bird(x)⇒ bird(x))
(A2) ∀x(rich color(x)⇒ ¬dull(x))

Conclusion: ∀w(hmg bird(w)⇒ ¬large(w))

Let K be arbitrary.

(a) Assume hmg bird(K) since we want to show hmg bird(K)⇒ ¬large(K).

(b) Conclude bird(K) using A1, UI, MP, and (6a)

(c) Conclude rich color(K) using H1, UI, MP, and (6a)

(d) Conclude ¬dull(K) using A2, UI, MP, and (6c)

(e) Conclude ¬bird(K) ∨ honey eater(K) using H3, UI, MT, double neg, (6d)

(f) Conclude honey eater(K) using resolution, (6b), (6e)

(g) Conclude ¬large(K) using H2, UI, conjunction, (6b), (6f), MP

(h) Conclude hmg bird(K)⇒ ¬large(K) using ND, (6a), (6g)

(i) Conclude ∀w(hmg bird(w)⇒ ¬large(w)) using EG and (6h)


